The modeling of the early universe is done through the quantization of a Friedmann-Robertson-Walker model with positive curvature. The material content consists of two fluids: radiation and Chaplygin gas. The quantization of these models is made by following the Wheeler and DeWitt's prescriptions. Using the Schutz formalism, the time notion is recovered and the Wheeler-DeWitt equation transforms into a time dependent Schrödinger equation, which rules the dynamics of the early universe, under the action of an effective potential V ef . Using a finite differences method and the Crank-Nicholson scheme, in a code implemented in the program OCTAVE, we solve the corresponding time dependent Schrödinger equation and obtain the time evolution of a initial wave packet. This wave packet satisfies appropriate boundary conditions. The calculation of the tunneling probabilities shows that the universe may emerge from the Planck era to an inflationary phase. It also shows that, the tunneling probability is a function of the mean energy of the initial wave packet and of two parameters related to the Chaplygin gas. We also show a comparison between these results and those obtained by the WKB approximation.
I. INTRODUCTION
One of the main purposes of quantum cosmology is to fix the initial conditions that will determine the later behavior of the Universe [1] . In quantum cosmology, the Universe is treated as a quantum system. Since the cosmological scenario is based on general relativity, the dynamical variables are directly related to the geometry of the space-time. This implies a functional equation, the Wheeler-DeWitt equation, on all possible geometries [2] . Such functional equation has in general no exact solution. A possible way to circumvent this technical limitation is to freeze out an infinite number of degrees of freedom, remaining at the end with what is called a minisuperspace, a configuration space with few degrees of freedom, which may admit exact solutions. Even if such procedure may be seen as a drastic limitation of the original problem, it allows at least to extract some precise predictions concerning the evolution of the early Universe. One of the hopes in such a program is to obtain initial conditions for the classical evolution leading to an inflationary expansion of the Universe.
Yet, the limitation to a minisuperspace approach does not eliminate other difficulties in quantum cosmology. The Wheeler-DeWitt equation has no explicit time variable [3] . This is a consequence of the fact that the Einstein-Hilbert action represents a constrained system which is invariant by time reparametrization. Moreover, the limitation to a few number of degrees of freedom, the restriction to the minisuperspace, does not assure that the final equation will admit closed solutions. Frequently, it is necessary to look for approximative solutions [4] using, for example, perturbative methods. The usual WKB method of ordinary quantum mechanics is one of the possible methods to extract predictions of a quantum cosmological system [5] . It is a quite attractive procedure since it allows to introduce a time variable which is, otherwise, absent.
In some specific situations it is possible to recover the notion of a time variable in the minisuperspace approach. One example is when gravity is coupled to a perfect fluid, which is expressed through the Schutz's variable [6] : the conjugate momentum associated with the fluid's variable appears linearly in the Lagrangian, which allows to recover a genuine Schrödinger equation [7] . Since now the quantum system has an explicit dynamics, it is possible to study the emergence of the classical Universe in a primordial era. An important question can be addressed in this way: what are the conditions to have an initial inflationary phase in the evolution of the Universe?
We will study this problem in this paper. Gravity will be coupled to a radiative perfect fluid, whose dynamic variables will be connected with the time evolution of the quantum system. Aside the radiative fluid, the Chaplygin gas will be included in this scenario. The Chaplygin gas is an exotic fluid exhibiting negative pressure which depends on the inverse of the density [8] . The interest on the Chaplygin gas fluid has been, until now, mainly connected with the existence of a dark energy component in the Universe today [9] . In this sense, it leads to a scenario competitive with the ΛCDM model. However, it can be of interest for the early Universe, and this due to a main reason: the Chaplygin gas can be obtained from the string Nambu-Goto action re-expressed in the light cone coordinate [10] . Since string theory manifests, in principle, its main features in very high energy levels, as it occurs in the early Universe, exactly when the quantum effects must be relevant, a quantum cosmological study of the Chaplygin gas is of course relevant. Moreover, the Chaplygin gas admits a de Sitter asymptotically phase, that is, it tends to a cosmological constant, being in one sense a much richer structure. In that sense, one may consider the present paper a generalization of a previous paper made by some of us, where instead of the Chaplygin gas we used a positive cosmological constant [11] . For all these reasons, a quantum cosmological scenario using radiative fluid and the Chaplygin gas is a very attractive configuration by its own.
A quantum cosmological model with two fluids, as it will be treated here, implies considerable technical difficulties. In particular, no analytical solution can be expected. Hence, we are obliged to consider a perturbative analysis, like WKB [5] , or a numerical integration of the equations. We will concentrate, here, in the latter possibility. It will be used a finite differences method and the Crank-Nicholson scheme, in a code implemented in the program OCTAVE. Using such program, we will compute the tunneling probability (TP) from ability (TP) from a quantum phase to the classical regime, the potential barrier being represented by the density of the Chaplygin gas in terms of the scale factor. When the system emerges from the potential barrier, it finds itself in an inflationary phase. The main results of our paper, besides the solution of the present quantum cosmological model, is related to the determination of the initial conditions for the classical evolution of the universe. Here, for the present model, we would gain information on what is the most probable amount of radiation in the initial evolution of the classical universe and the most probable values of the parameters of the Chaplygin Gas. If we take in account that one of those parameters tends to the cosmological constant (Λ), for great values of the scale factor, we would gain information on the most probable value of Λ. Another important result, derived here, is the fixation of the initial value of the scale factor and its conjugated momentum leading to a classical inflationary evolution of the scale factor.
In fact, the quantum cosmology of a closed FRW model coupled to a Chaplygin gas have already been studied in the literature [12] . We may mention several differences between our work and Reference [12] . In their work, the authors considered the generalized Chaplygin gas as the only source of matter. Here, we consider the standard Chaplygin gas and radiation as our sources of matter. We use the Schutz formalism in order to introduce a time variable and transform the Wheeler-DeWitt equation in a Schrödinger equation. Most importantly, we solve the Wheeler-DeWitt equation exactly using a numerical procedure, what was even suggested by the authors of Reference [12] . On the other hand, the authors of [12] use an approximated potential to describe the Chaplygin gas and solve the resulting Wheeler-DeWitt equation, to that approximated potential, in the WKB approximation. In despite of all those differences between the models and the treatments used here and in [12] , it is important to mention that we have obtained few qualitative agreements concerning the tunneling probability as a function of the parameters A and B. Their approximated, analytical expression for T P as a function of A, or the cosmological constant, grows with A for the boundary conditions of the tunneling wave-function [13] . Similarly, their approximated, analytical expression for T P as a function of B, grows with B for the boundary conditions of the tunneling wave-function [13] . Those results are in agreement with our numerical curves for T P as a function of A and as a function of B.
This paper is organized as follows. In next section, the classical model is presented. In section 3, the classical model is quantized. In section 4, the wave packet describing the quantum system is constructed. In section 4 and 5, the tunneling effect is investigated and the initial conditions for inflation are settled out. The conclusions are presented in section 6.
II. THE CLASSICAL DYNAMICS
The homogeneous and isotropic Friedmann-Robertson-Walker (FRW) models with positive curvature of the spatial sections, radiation and Chaplygin gas, may be represented by a Hamiltonian with two degrees of freedom in the form
where p a and p T are, respectively, the moments canonically conjugated to the scale factor and to the variable that describes the perfect fluid, and V ef (a) is an effective potential, Figure 1 ). We are working in the unit system where
where A and B are parameters associated to the Chaplygin gas. The Hamilton equations,
rule the classical dynamics of these models and are completely equivalent to the Einstein equations. The dot stands for ordinary differentiation relative to the conformal time τ . Combining the first two equations in (3) we have,
According to (4), the universe has an accelerated phase (ä > 0) for big values of the scale factor (a 6 >> B/A) and a de-accelerated one (ä < 0) when a 6 << B/A. The solutions of (4) for the latter phase are described by trigonometric functions. 
III. THE QUANTIZATION OF THE MODEL
The Planck era will be described by the quantization in the minisuperspace of that model, following the prescription proposed by Wheeler and De Witt [2] . This description is based on the wave function of the universe, which depends on the canonical variablesâ eT ,
The quantization process begins by promoting the canonical moments p a and p T to operators and imposing that the Hamiltonian annihilates the wave function,
Then, the quantum dynamics turns out to be ruled by the Wheeler-DeWitt equation, which in this case, assumes the form of a time dependent Schrödinger equation, 1 12
where we impose the reparametrization τ = −T . The operatorĤ is self-adjoint [14] in relation to the internal product,
if the wave functions are restricted to the set of those satisfying either Ψ(0, τ ) = 0 or Ψ ′ (0, τ ) = 0, where the prime ′ means the partial derivative with respect to a. Here, we consider wave functions satisfying the former type of boundary condition and we also demand that they vanish when a goes to ∞.
The Wheeler-DeWitt equation (7) is a Schrödinger equation for a potential with a barrier. We solve it numerically using a finite difference procedure based on the Crank-Nicholson method [16] , [17] and implemented in the program GNU-OCTAVE [18] . Following the discussion in Ref. [11] , we also use, here, the norm conservation as the criterion to evaluate the reliability of our numerical calculations of the wave-packet's time evolution. Therefore, we have numerically calculated the norm of the wave packet for different times. The results thus obtained show that the norm is preserved. Numerically, one can only treat the tunneling from something process, where one gives a initial wave function with a given mean energy, very concentrated in a region next to a = 0. That initial condition fixes an energy for the radiation and the initial region where a may take values. Our choice for the initial wave function will be described in the following section.
IV. WAVE PACKETS
As the initial condition, we have chosen the following wave function,
where E m represents the mean kinetic energy of the wave packet associated to the energy of the radiation fluid. Besides, this initial condition is normalized as follows ∞ 0 |Ψ(a, 0)| 2 da = 1. The portion of the wave function that tunnels the potential barrier, propagates to infinity in the positive scale factor direction, almost like a free particle, as time goes to infinity. However, we must specify a limit, in the scale factor direction, in order to perform the numerical integration of the Schrödinger equation. In this case, this value was fixed in a = 30. The behavior of these wave packets and their time evolution show that they are well defined in the whole space, even when a goes to zero.
As an example, we fix the values of the system parameters A = 0.001 and B = 0.001. We choose the initial wave packet with mean energy E m = 220, which gives an initial amplitude of 5.901650048. This wave packet will evolve in time, obeying the Schrödinger equation (7), and reaches the potential barrier at the point a 1 = 11.41476507. In this case, the potential barrier has a maximum value V max = 223.5282023 at a max = 12.20732711. The figures 2 show the time evolution of these wave packets ( |Ψ(a, 0)| 2 ), which indicates the possibility of the universe to have a posterior inflationary phase via a tunneling mechanism. With this choice for the parameters, the universe emerges at the right side of the potential barrier with the size a 2 = 12.95147904. 
V. THE TUNNELING EFFECT ON THE EARLY UNIVERSE AND THE INITIAL CONDITIONS FOR INFLATION
A. Tunneling probability as a function of Em and comparison with WKB
In order to evaluate the tunneling probability as a function of the mean energy E m , one needs to fix the values of A and B and repeat the calculations for different values of E m in Ψ(a, 0). For each value of E m , the turning point associated to the potential barrier, to the left (a 1 ) and to the right (a 2 ) are calculated.
The probability to find the universe to the right side of the barrier is defined as [11] ,
where, as we have mentioned above, numerically ∞ has to be fixed to a maximum value of a. Here, we are working with a max = 30. It is useful to remember that the denominator of the equation (10) is equal to 1, since the wave function is normalized to unity. In order to evaluate the tunneling probability as a function of the mean energy E m , one needs to fix the values of A and B and repeat the calculations for different values of E m in Ψ(a, 0). For each value of E m , the turning point associated to the potential barrier, to the left (a 1 ) and to the right (a 2 ) are calculated. For all cases, we consider the situation where E m is smaller than the maximum value of the potential barrier. From that numerical study we conclude that the tunneling probability grows with E m for fixed A and B. As an example, we consider 60 values of the radiation energy for fixed A = 0.001 and B = 0.001. For this choice of A and B the potential barrier has its maximum value equal to 196.0471982. In order to study the tunneling process, we fix the mean energies of the various Ψ(a, 0)'s eq. (9) to be smaller than that value. In table II, in the appendix, we can see, among other quantities, the different values of the energy E m , T P , a 1 and a 2 for each energy. In figure 3 , we see the tunneling probability as functions of E m , for this particular example. Due to the small values of some T P ′ s, we plot the logarithms of the T P ′ s against E m . Based on the detailed discussion made in Ref. [11] , it is not difficult to understand under what circumstances the tunneling probability computed with the WKB wave-function (T P W KB ) agrees with T P Eq. (10). In order to see it, let us consider that, initially, we have an incident wave (Ψ I ) that reaches the potential barrier at a 1 . Then, part of Ψ I is transmitted to ∞ (Ψ T ) and part is reflected (Ψ R ). In the present problem, we have an infinity potential wall at a = 0 because the scale factor cannot be smaller than zero. It means that Ψ R cannot go to −∞, as was assumed in order to compute the T P W KB . Instead, Ψ R will reach the infinity potential wall at a = 0 and will be entirely reflected back toward the potential barrier, giving rise to a new incident wave ((Ψ R ) I ). The new incident wave (Ψ R ) I reaches the potential barrier at a 1 and is divided in two components. A reflected component which moves toward the infinity potential wall at a = 0 (((Ψ R ) I ) R ) and a transmitted component which moves toward ∞ (((Ψ R ) I ) T ). ((Ψ R ) I ) T will contribute a new amount to the already existing T P due to (Ψ T ). Therefore, the only way it makes sense comparing T P with T P W KB is when we let the system evolve for a period of time (∆t) during which Ψ R cannot be reflected at a = 0 and come back to reach the potential barrier. It is clear by the shape of our potential that the greater the mean energy E m of the wave-packet (9), the greater is (∆t). For the present situation T P W KB is defined as [19] ,
As an example, in Table I , we show a comparison between T P and T P W KB for different values of E m and ∆t for the case with A = 0.001 and B = 0.001. We can see, clearly, that both tunneling probabilities coincide if we consider the appropriate ∆t, for each E m . In order to have an idea on how T P may differ from the T P W KB , we let the initial wave-packet (10), with different mean energies, evolve during the same time interval ∆t. We consider the example given above, in this section, with a common time interval of 100. We show this comparison in Table II , in the appendix, where we have an entry for T P W KB . It means that, we computed the values of the T P W KB s for each energy used to compute the T P s, in the case where A = 0.001 and B = 0.001. As we can see from Table II , for this choice of ∆t the tunneling probabilities disagree for most values of E m . They only agree for values of E m very close to the top of the potential barrier. There, because the values of E m are similar to 222, ∆t is almost sufficient to guarantee that Ψ R of each wave-packet does not contribute to the T P .
B. Tunneling probability as a function of A and B The Chaplygin gas has two parameters A and B equation (2) . In the present subsection, we study the behavior of T P equation (10) as a function of both parameters. It is important to notice from the Chaplygin potential, equation (2) , that the parameter A behaves as a increases very much like a positive cosmological constant. Therefore, we expect that T P grows with A in the same way as it grows with the cosmological constant [11] . On the other hand, the dependence of T P on the parameter B can not be inferred from previous works.
We start studying the dependence of T P on the parameter A. In order to do that, we must fix the initial energy E m for the radiation and the parameter B. Then, we must compute the T P for various values of the parameter A. From that numerical study we conclude that the tunneling probability grows with A for fixed E m and B. As an example, we consider 21 values of A for fixed E m = 187 and B = 0.001, such that, the maximum energy of the potential barrier (P E max ), for each A, is greater than 187. The values of A, T P , a 1 and a 2 are given in table III, in the appendix.
With those values, we construct the curve T P versus A, shown in figure 4 . Due to the small values of some T P ′ s, we plot the logarithms of the T P ′ s against A. From figure 4 , it is clear that the tunneling probability increases with A for a fixed E m and B, as expected. Therefore, it is more likely for the universe, described by the present model, to nucleate with the highest possible value of the parameter A. That result is in agreement with the approximated, analytical expression for T P as a function of A, obtained in Reference [12] , with the boundary conditions of the tunneling wave-function [13] .
Let us consider, now, the dependence of T P on the parameter B. In order to do that, we must fix the initial energy E m for the radiation and the parameter A. Then, we must compute the T P for various values of the parameter B. From that numerical study we conclude that the tunneling probability grows with B for fixed E m and A. As an example, we consider 21 values of B for fixed E m = 222 and B = 0.001, such that, the maximum energy of the potential barrier (P E max ), for each B, is greater than 222. The values of B, T P , a 1 and a 2 are given in table IV, in the appendix. With those values, we construct the curve T P versus B, shown in figure 5 . Due to the small values of some T P ′ s, we plot the logarithms of the T P ′ s against B. From figure 5 , it is clear that the tunneling probability increases with B for a fixed E m and A. Therefore, it is more likely for the universe, described by the present model, to nucleate with the highest possible value of the parameter B. That result is in agreement with the approximated, analytical expression for T P as a function of B, obtained in Reference [12] , with the boundary conditions of the tunneling wave-function [13] . 
VI. INITIAL CONDITIONS FOR INFLATION
Based on these results one can evaluate the duration of the Planck era according to these models. In other words, the time that the universe takes to emerge at the right side of the potential barrier. According to the literature [20] , the time that a particle takes to cross a potential barrier is given by
where a 1 corresponds to the turning point to the left of the barrier and T P is the tunneling probability Eq. (10). We have computed t planck , for all examples considered here. In Tables II, III and IV, in the appendix, we have an entry to t planck . After the time interval t planck the universe emerges to the right of the barrier with a 2 and p a = 0, because a 2 is a turning point. Now, one may use these values as initial conditions to compute the dynamical evolution of the scalar factor through the integration of the appropriate classical Hamilton's equations. Due to our potential the classical evolution of a will correspond to an inflationary phase of the model, posterior to the Planck era. In the inflationary phase, according to the literature [21] , the universe has increased its size in many orders of magnitude, in a very short time. The table II, in the appendix, shows the initial conditions (a 2 ) for different values of E m , where the corresponding moments p a always vanish. Applying the 8th order Runge-Kuta method, implemented through a numerical routine in MAPLE, we have integrated the Hamilton's equations for many sets of initial conditions, in order to calculate the time evolution of the scale factor (conformal time). We have concluded from that numerical investigation that the scale factor always increases many orders of magnitude in very short period of time, which confirms the development of a inflationary phase just after the Planck era.
As an example, consider the case where the wave packet has E m = 220 and initial conditions a 2 = 12.95147904 and p a = 0 at τ = 0, the scale factor increases from 12.95147904 to 11465.3370549124 in the interval ∆τ = 1.46. This behavior is shown in figure 6 , which presents (in logarithm scale) the time evolution of the scale factor a(τ ), as a function of the conformal time. 
VII. CONCLUSION AND FINAL REMARKS
The quantization of a FRW model with radiation and Chaplygin gas was made via finite differences method and the Crank-Nicholson scheme. We considered initial wave packets with finite norm, and well defined values of the mean energy, associated to the radiation fluid, and the parameters of the Chaplygin gas. Using this numerical method, one builds the time evolution of these wave packets. The results show that the quantum dynamics of these models may be described by wave packets with finite norm, which satisfy appropriate boundary conditions. In other words, such wave packets are well-defined over the whole space, even when the scale factor goes to zero.
Observing these wave packets, one can see the presence of strong oscillations for the values of the scale factor, which precede the effective potential barrier of the model. Then, when the packets reach the potential barrier, the amplitude of those oscillations decrease drastically, vanishing at a point far away from the barrier, at infinity. This is the quantum tunneling, which explains the birth of the universe with a certain, well-defined, size after the tunneling. Via numerical calculations, it was possible to determine the dependence of the tunneling probability with E m , A and B. We also compared it with the tunneling probability obtained using the WKB approximation. The results showed that both increase with the mean energy of the initial wave packets and show a good agreement, under certain circumstances. We verified that the duration of the quantum phase depends on the mean energy assigned to the initial wave packet, i.e., the bigger the energy, the shorter is the duration of the Planck era. We also, determined the conditions of the universe at the end of the Planck era. These conditions, obtained by the quantization of the model, were used as initial conditions to determine the classical evolution of the scale factor of the universe. The evolution shows that, after its quantum phase, the universe undergoes a very accelerated growth. It increases its size in many orders of magnitude in a very short time interval. We identify this phase as the inflationary phase. 
